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LAUNCHER DYNAMICS STUDY

Part ] Phase 1

Four-Degree-of-Freedom Multiple Launcher

ABSTRACT:

This report contains an analysis of a four degree of freedom model
multiple launching system. The launcher pivots about a point and the moticn
is resisted by torsional springs. All of the missiles are parallel to one another
in the launcher and are to be fired one by onein.a pre-arranged order. The
equations of motion of the system including the effects of blast are then established.
In the second part, the effect of the blast force of the missile on the launcher

face is considered.
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List of Symbols
reference system fixed to the earth
coordinates fixed in space whose Euler angles relative to
(A,B,C) are (v, 7, 0)
coordinates fixed to the box at the pivot point O .
coor dinates fixed to the mass center of the moving missile.
distance from mass center of the moving missile to xz-plane
angleof elevation
traverse angle of the launcher
rotation of (X, y, z) relative to (X, Y, Z)
coordinates of OB‘ the mass center of the launcher, in (x,V, 2,)
coordinates of OM, mass center of the moving missile, in (x,y, 2)
coordinates of OI , mass center of the unfired missile in (x,y, 2)
mass of the box and the missile respectively
mass of the unfired missile M = M’ in numerical value
mass moments of inertia of the launcher with respect to (X, y, )
mass moments of inertia of the firing missile with respect to

)

mass moments of inertia of the unfired missile in the launcher

(xm’ Ym’ Zm

with respect to (X', ¥' s 2'1))

weight of the box and the missile respectively

weight of the unfired missile W m= W'm in numerical value
the reverse of the order of firingi. e. the number of missiles
left in the launcher

thrust force of the missile

dissipation function
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blast force on the launcher

torsional spring constants

damping coefficients

point of application of the blast force in (x, y, z). Ny is the
constant thickness of the launcher along y-axis. XT, ZT

change with time when the missile leaves the launcher



Chapter |

INTRODUCTION

This launching system differs from the others because it contains a number
of missiles which can be fired successively in a launcher of box type. Referring
to Fig. 1, we notice that the launcher is fixed at O where motion is resisted by
torsional springs and dash pots. The launching tubes are parallel and are open
at both ends. We also assume that there is no interference between exhaust cones
of successive firings. In other words, at each time we consider the effect of
one missile only.

The following information can be obtained from this report:

(1) Equations of motion of the system before and after the missile leaves

the launcher.

(2) The linear displacement, velocity and acceleration of the mass center

of the missile at end of guidance.

(3) The displacements (angular) of the launcher,

(4) An expression for computing the magnitude and point of application of

the blast force acting on a part of a ring section.
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3.
Chapter 11
MATHEMATICAL DESCRIPTION OF THE PROBLEM
1. Coordinate System:
(A,B,O) A fixed reference system on the earth
(X,Y,2) Another fixed reference system on the earth. Y is parallel

to the initial direction of the launcher tubes. This set
of axes is obtained by rotating (A, B, C) through a traverse
angle vy, about theC-axis, followed by a rotation of Ye
about the X-axis (the new position of the A-axis after the
rotation vy, )

(x,y,2) This set of axes is fixed in the launcher at O and moves with
it. The set is coincident with (X, Y, Z) initially,

(xm, Ym' %m ) A set of aX‘éS fixed at the mass center of the missile which

is being fired. These axes move with the missile.

(x'm, y' m' Z Set of axes fixed at the mass center of an arbitrary unfired
missile., These axes are always parallel to (x,y, 2)
n Since the missile always moves parallel to the tube, one
coordinate is enough to describe completely its motion

relative to the launcher. m is measured from the mass

center of the missile to the xz-plane.

2. Generalized Coordinates
This system has four degrees of freedom.
The orientation of the launcher may be described by three successive rotations

91, 92, 0‘3 as shown in Fig. 1. The position of a moving missile with respect to the



launcher is expressed by n . Thus the generalized coordinates are © 1’ 92, 93, n.

3. Transformation of Coordinates

4.

Following the same line of reasoning in TAM Report 139, p. 16, we obtain

the transformation matrices

A X
B| = [s] |y
C Z]
X x ]
Y = [T] y
Z | z
where
[} = feg -my, m,m,
m 44, “4ym, |
0 m, 22
ml = §in Va , ‘Ql = CcoSs ‘Ya
m, = sin Ye , 22 = cos Ye
- 922 923
] =t = % %
e"i 923 .
878 8% g7 !
o}
_-92+ 00, o +0.9, 1- -
and
[S][T] = (3, 2, 23
31 232 3y
231 232 233

(1a)

(2a)

(1b)

(2b)

®



where

2 2
92‘ 63

3y, =4, (1- o -—)-m,(83+ 8,8) + mm,(-6,+ 8,8y

g2 g2
_ ) -t 3 0. + 0.0
a19= 0,0, -m2y(l-—5 - —) +mm, (8 + 8,8)

o2 @2
1 2
2,3=4; 8, +m L8 +mmy(l-— -—)
o 9% -
2y =m (L=~ )+ 4,0, (034 6,8)) - 4)m, (-6, +6,8,)
921 923
8y M O3 4Ly (1o o - ) - 4ymy (8 +6,85)
62 g2
] _ _ 1 Y2
253 =m 0, - 0,08 - gm,(1- - - —)

2y = m2(63+ 9192) + 22(—62+ 9193)

g2 o2
- QNS RN 0, +0.0
agp Myl - - =) £, (8) +8,8,)

g2 o2
- 1 2
agg= md + 4,1 -5 )

4, Position and Velocity Relations
O, : mass center of the launcher

B
From Eqs. (la), (2a), we obtain 633 in (A, B, C) as

Ab 0

By, =[S][T] b
b %y



Then o2 62
G = Yp [mz(l it DR NO 9293)]
g2 o2
+2y [mpd) 40, (1 '22_)] 9
OM: mass center of the firing missile

Following the same procedure and taking the velocity components in

(X,Y, Z) we obtain

me] X 0
Vg | =L [0 |+ [T] |4 (52)
*sz zm 0
Vo = (8, 8 o 050 3) n é3+ zmé2 -1 0,
02 92
Ving ~%m (®g 76,0,40,68)) -n (8,8, + 8589 -2, 8, +4 (1 - - )
(Sb)

Vo, S X (e +ee + 6,0 )+f,(t-§1 +‘6263+9293)-zm(9191+ 0.8,)

+n (el + 6293 )

c, - xm[m2(93+ 8,6,) + £,(-8,+ 9193)]
2 2
+ [ 1-61 I 8 + 6.6
N myl-gm m g ) T (0 + 8,0
o2 o

+ Zm['mzeﬁlz(l‘Tl' ‘22_’] 6



O = mass center of an arbitrary unfired missile.

We assume here that i is the reverse of the order of firing. i lies
between 1 and k . The(k + 1)St missile is the one being fired. For every given
i , we can locate the missile by the use of (xi, Ny % ). Note here n o is the same

for all unfired missiles.

ix xi
Viy = [T] "o (7a)
iz %
Vig= % (08, + 0,8.) -n_ 6,42, 8,
Vig =% O3+ 8,8, +8,8)) -1, (8,8 + 0585) - 2,6 (7b)
Vi, = xi(-é2 +8,6,+66)+n (8 + é293 +6,8,)- 2 (8,6, + 9292)
Ci=x [mz“’s +8,0,)+ £,(-8,+ 8,091
921 e§
trg[my (g = )+ 4,00, + 0,8,)] ®

+ zi[-mzel-i- 2,(1 71_ _g_)]

i ranges from 1 to k

F (t): thrust force

We assume here that the thrust force: acts on OM and along the longitudinal

axis of the missile



From
Xm *mn
Zm ’m
we obtain
% %
Xm =xm(l 7 -_2_) "093 +zm92
921 e§
Y : xm(63+9162)+ n(l-T -_,2.)-zmel (9b)
921 922
Z." *m (-92 + 9193) +n(8+ 6263 )tz (- —- —)
The components of F are
Fy= -F 63
= 10
Fy=F (10)
F,=F el

5. Kinetic and Potential Energy of the System

Kinetic Energy:

T=Ty t §T'm + T, (11)
where Tb’ Tm’ p- T'm denote the kinetic energy of the launcher, of the
firing missile and of the unfired missiles respectively.

-1 2 2 2 .0 4

Ty = 5 (Iuél+12262+13363 21,5 0,8,) (11a)

I 12’ I 13 vanish because of the symmetry of the launcher
_ 1 2 2 2 2 2 52 1
Tm "2 [Mm (me + me * sz) + Jllél * J22 92‘ LY e3‘ 1 (11h)



112 :113 = ]23 =0 due to symmetry of the missile

R TR Y S R
[Mm(vix+viy+viz)+Jll61+12262+133923](llc)

o] —~

w
ITp=2
=4
Potential Energy
V=V, + SV _+V  +V, (12

where V, V m 2 V' VS denote the potential energy of the launcher, of

the firing missile, of the unfired missiles, and of the spring, respectively.

Vb =W G o2 o2
i %3
=W, {yb [m2(1 o i Y+ £,(8, + 9263)]
o %
tz, [my0, + 4,0 - 5 )] (122)
Vm N wm m

wm{ Xn [mz (85 +9,6,) + £,(-8, +6,6, )]

o2 o2
n[m, (1 31' '71) t4, (9 *9293)]

-+

82 o2
1 72
z [-m291+£2(1-—2--_2-)]} (12b)

+



Svi_=3>W_§

£

m ﬁ {"i [my (85 +0,8,)+ £,(-0,+ 8,8,)]

4
i=|

2 g2
1 %2
ooz [my 8+ 4L - )]}

02 @2

+ W kn [m, (- - S+, +08)] (2

—

) 2 2 2
V=3 By 81+ By 0+ 83383 +2,,6,6,
+ 2813805+ 28539,9;) (12d)

Dissipation due to dash pots

1 .2 .2
F o= 3 (e 81ty 8t —33é3+2°12 192
+ 2£lséles+2c 6293) (13)

6. Equations of Motion

1£6, (i=1 2, 3,4)denotes the generalized coordinates (6, 92. 93 y 1),

Lagrange's equations of motion are :

d_[a'r]‘ _aT__a_\_'_g%_+F X g 2Ym
dt ’a‘gi 36, 36, ai x_é_ai y'aFi

9 Zm
* P (14)

The above equation yields four differential equations. Three of these may be

written inifidicial form as follows: _;

aijej+bje' +cj91+d =0 (15)

(i j =1, 2, 3)

10 -



where

) 2 . 2 . & 2 .2 .
11 T P MG (20 4 VPNt My > (2] +n0)+k]7,
= -M - M 3
a2 m *m " m "o g‘ X
313=-Mm mzm-M'm gl X%
- M _M' k
491 - m *m " m Mo g\ X
) 2 2 . k., 2 2 .
azz-122+Mm(zm+xm)+]22+Mm é(xi+zi'?)+k122
=-1..-M M S
237 728 " My P M S 2y
Lk
831 % My % Zm-Mm?:qxizi
a32‘-123 Mm 2 11-anoé\ %4
) 2 2 . X, 2 2 ,
333 =I3g * M (n P ) Flgg M S g+ x] ) k],
by1=2M mi+e,
bia=c,y
bjz3=c,,
Por ="M x _fi+c ),
by =59y
b23 -ZMmzmn+El3
b c

31 <513

11.



b3y
by3

n

€12
Cls
€21
€22
€23~
31
€32

€33

d; = -My zm"q-i-Wb(yb £, -2

= C23
=2M nn+ca3
='-_wb (ybm2+zb£2) -Wm(n m, + z

"Wipkngmy+ 8y

hl12

)- W

m

=M X A+ W xmm2+W' § X, m +512'

\'\

, ke
-mem +Wrn ‘zﬂx J] +B13

=W:ni_xn,lm2+wm.m2 ﬁ xi+/312

K
=Wl WinZmly Wi =z 4, %8,,

|=\

byb22+W n£2+W' kno£2+/323-M

|
WXl * Wy 2 X478

=Wb£2+wmn £2+W'mkn022+ﬁ23

=-Wpypmy - W, myn -W'mknom2+633

+W o kn g, +Fz_

dy= W Xn W x L,

d3=

m

\=

The fcurth equation is

mmel

Mmxm'q+memm2+Wm é xim2

z
m m

m2)+Wm(n£2-zmm2) -w

-Fx
m

+M_x 63 tW_ 2,9, +M_#+W_m,-F

121

= %l

-

n+Fz

2

it

=0

o
m.2 zim

2

(16)

12,
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7. Free Motion of the Launcher
After the missile leaves the launcher, the latter will assume free motion.
Eq. (16) becomes trivial and vanishes identically., The.required equations of motion

can be obtained by putting

n=no,Mm=0, Wm=0,Ju=J12 e.o.=0
X, = Xpo z =2 F= -T
The last term, F = -T, is due to the exhaust of the missile leaving the launcher.

Also note XT’ ZT are quite different from X Zm

The equations are

a'..8 +b..6 +c..0 +d. =0 17
i ) 1] ] 1] ] L

i, j = -l, 2, 3
where

. k 2 2 .
') =AML S (g )tk

i=\



a'32 : _123 i} ano ﬁ zi

1=

r - t 2 2 3
2337 Ig3t My 2 (G +x7 )+ k]

b=

b'io=cy

b'13=¢3

TR D)

b'92 99

b'93 =93

b'31 =<3

b3y =3

b'a3=C33

€T W pmytz £y) - W b 2, - W kn my+8,,

12° W ﬁ X Myt B+ TX,

i=|

C'13 N W'm ﬁ

i=|

X; 45+ B3

€23 = WpYp Lyt W kn £y + 8,3 - T2,



“31°Wm 2 %Lt h3

32 = Wy Ly + W' kg £+ By4

C33= Wp¥pmy - W' kn m,+8,,

<
dlzwb(ybﬁz-zbmz)-ng| zim2+kanoz-Tz
d'2=-Wm ﬁ xiﬁ‘z

=

d'g=W'_ é x; m,+ T X

T

15.



16.
Chaptet 111

COMPUTATION OF THE BLAST FORCE

To calculate the blast force acting on the launcher due to the exhaust field
of the rocket, we use an approximate value for the stagnation] pressure the
coordinates of which are fixed in the rocket. This force will be incorrect due to
the velocity of the rocket; however, since we are also neglecting interaction
between the exhaust jet and the launcher, we will consider it sufficiently accurate
to adopt this point of view. The calculation is based on the method outlined in the
following reference:

"Method of Determining Stagnation Temperature-Pressure Distribution in

Exhaust Field of Rocket Using Underexpanded Convergent-Divergent

Nozzle" , Report Number 58-875 of Rock Island Arsenal Research &

Development Division Design Engineering Brapch.

The following notation will be used in this section:

S the distance measured from the nozzle exit of the missile along

its axis of symmetry

T the distance from a point to the axis of symmetry of the missile
p(s, 1) total gage pressure at point (§, 1)
Pm total gage pressure at the axis of symmetry
Pe pressure at the nozzle exit
1 )
et e " 2y o2 y-i|TY
Pezpcl__'__r_?nZ ‘y+1M-'r+1 P,
Pc rocket motor chamber pressure

v ratio of specific heats



A7.

Mach number of gas flow at exit of nozzle, May be computed from:

%+l
A M [ v+l ] ¥-
2

AT

e +(y-1) M

area of nozzle at throat
area of nozzle at exit
atmospheric pressure
forS S P =P
=0’ m e

diameter of nozzle exit

radius of nozzle exit

Y

| 5T k

P, [( By l][l6(M-l) d‘e] 2
(L. 4+0.437 M)

de (8/d_) |

(S/de) | is given by Fig. 2

the reference point where the pressure falls to 1/4 of
its value on the axis, r o is given by

s/de
r, = Te if (7——)—Sde l<1

1.16 s/d

S/de .
0 re[waejl] u (74,7, z !

)
"

rectangular coordinates in the plane (surface of the launcher) normal

to S at the center of the hole parallel to the z-axis
outer and inner radius of a given ring section about the center of

the hole
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by &,
T,
1
Re
M., M

Exf (%)

19.

angles measured with respect to x_ ; they are the circumferential
locations of the ring section

the blast force on the above ring section

effective radius of a ring section

moments about Xo Zg respectively, of the ring section

2 (X a2
error function =J_T Jo e da



The pressure at any point (3, 1) is given by

-bzr2
P(S,r)=ae (18)

There are four cases for the above expression with different a, b

i 0 <§ <S_, S < 1
0 k3
a=P
e
2 1.15, 2
b™ = ( )
Te
i 0<§<s S
' o’ k3 2 1
a=P
e
1.1 2 -2,
b2=( rS) (k3)‘232 (S)232
e
, S
iii S>So, — < 1
3
k
2
a=le
2 1,15 2
b™=( )
Te
iv § =5, 55|
o'’ —]g/
k
_ 2
a-le
2 1.15 | 2 2,32 -2, 32
e

Using Eq. (18) we obtain

‘é_ Ro (pz R.
T.=J j PdA=J f Prdrdé¢
L A ¢ R

]



2l

or
. bR -bR%
T, =~ (4,-6)(e -e ) (19)
2b
‘f’zf‘
e 4. 5*- pdA
for Je
or
. -b%R% -b°R?
{Jz—_s— [Ext bR,) - EX(R)] - (R e -R, e )t
R = -
e - 2.2 2.2
-b"R -b"R
e i o} (20)
Ro
dM_= -R_cos ¢ J Prdrde 2w
z e - 2
Re
- de
--R(_}cosq:21T 5R;P2-rrrdr
Ti Re
M_ = - - (sin¢, - sin ¢, ) (21)
z $2 $1 2 1
Similarly
Ti Re
M, = - (cos ¢, - cos & ) (22)
X $2 $1 2 1

From Eqgs. (19), (21), (22), with all the required data, we can find the
magnitude and point of application of the force acting on any given'part of a ring section
at a given time. Eqgs. (15), (16), should yield the accelerations and velocities of the
launcher and missile as the missile is on the point of leaving the launcher. § may be
expressed as a function of time, i.e. § = 8 (t). This -must be obtained from the

rocket motion after firing.



22,
At a given time t , the effective area on the launcher face covered
by the exhaust cone (use r = r, for its computation) is known. We divide this
area into a number of suitably chosen ring sections with respect to the center
of the hole for the particular rocket. The magnitude and point of application of
the blast force on each ring section are computed; then we can find the magnitude
and location of the resultant force. This will give T and XT’ Z,.r in Eq. (17).
Note that in the calculation of the effective areas, the effect due to

holes on the launcher face is neglected.
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